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Summary. We consider a class of Volterra-type integral equation in a
Hilbert space. The operators of the problem appear as time-dependent
functions with values in the space of linear continuous operators mapping
a Hilbert space into its dual. We are looking for maximal values of cost
functionals with respect to the admissible set of operators. The existence of
a solution in the continuous and the discretized form is verified. The con-
vergence analysis is performed. The results are applied to a quasistationary
problem for an anisotropic viscoelastic body made of a long memory material.
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INTRODUCTION

We shall deal with the maximum optimization problem connected with
a Volterra integral equation in the Hilbert space. We consider a class of
operator-functions t — A(t) appearing in the state integral equation as the
admissible set of control parameters. We shall use the approach similar to
[5], where the maximization problem for the class of coefficients of parabolic
problems was considered.

In contrast to [5] we start with the abstract formulation of the problem
and its approximation in Section 1. We shall verify the existence and unique-
ness theorem for certain class of linear continuous operators acting from the
Hilbert space into its dual.Applying the Rothe’s method (see e.g. [6], [7],



[9]) we state the convergence result for the approximated state problem with
respect to a time variable and to a sequence of finite-dimensional subspaces
modelling the finite element spaces. In Section 2 we state the maximization
problem representing so called ”worst scenario” i.e. the worst admissible
operators.

The problem formulated in a Hilbert space will be applied to the reliable
solution problem for the anisotropic viscoelastic body made of a long memory
material. A suitable functional depending on the time and space dependent
coefficients is to be maximized. The approximate solution using three di-
mensional finite elements and the Hermitian interpolation with respect to
the time variable is explained.

1 The state problem and its approximation

For any Banach space X and 7' > 0 we introduce the set L>°(0,7; X) of all
measurable essentially bounded functions w : [0,7] — X, C([0,7],X) the
set all continuous functions and the Sobolev space

Whee(0,T; X) = {w € L>*(0,T; X) : w' € L=(0,T; X)}

with a derivative w’ in the sense of distribitions. All sets of functions are
Banach spaces with norms

t
mase [ (t)x.

)

[w]] oo 0,75x) = eSStS[UP} lw@)x, llwlleqmx) =
[wllwror:x) = l[wllzerx) + W' L=orx).
We have the continuous imbedding W>(0,T; X) C C([0,T], X). Every
element w € WH(0,T; X) can be expressed in a form

w(t) = w(0) —i—/otw’(s)ds, e 0,7

Let V be a Hilbert space with a scalar product ((.,)) and a norm ||.||, V*
its dual space with a norm ||.||.. We denote by (f,v) the duality pairing
between the functional f € V* and the element v € V.

We shall deal with the set of operator functions ¢t — A(t) with values in
the Banach space B = L(V,V*) of all linear bounded operators A : V' — V*.
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We assume moreover that A € U, where U = W1>(0,T; B). The operator
A(0) : V — V* is assumed to be positively definite i.e.

(A(0)v,v) > agl|v||* Yo € V, ag > 0. (1)

We introduce a norm in U equivalent with the original norm in W>°(0, T'; B)
by
[Alle = [A(0)||s + ess sup [|A'(t)]s.
te[0,7)

Let f:[0,T] — V*, (A" xu)(t) = [y ALt — s)u(s)ds. We consider
The state problem:

To find w : [0,7] — V fulfilling
AO)ult) + (A = u)(t) = (1), t € [0,T] @)
Theorem 1.1 Let f € C([0,T],V*). Then there exists a unique solution
u € C([0,T],V) of the equation (2).

Proof. There exists due to Lax-Milgram theorem the inverse operator
A(0)~t € £(V*, V). The equation (2) is then equivalent to the Volterra
integral equation in a Banach space V:

u(t) + (B xu)(t) = q(t), t €10,T], (3)

with B € L>(0,T; L(V,V)), q € C([0,T],V) defined by B(t) = A(0)"*A'(¢),
q(t) = A(0)7'f(t), t € [0,T].
The equation (3) can be expressed in a form

u=A(u), (4)

where A : C([0,7],V) — C([0,T],V) is defined by A(u) = ¢ — B *u.

It can seen easily that there exists the integer n = n(B,T) such that the
operator A" is contractive in the Banach space C'([0,T],V). More precisely,
there holds

T™| B[ oo o,
| A — A™|| < I “LngoﬂTv“V’V”, n=12..

and hence there exist ng € N and s € (0, 1) such that

| A" — A™|| < K|lu —v]| Yu,v € V, n > ny.
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Applying the Banach fixed point theorem we obtain the existence and unique-
ness of a solution of (4) which is also a unique solution u € C([0,7],V) of
(3) and (2).

We shall continue with a full discretization of the problem (2). Let us
assume a family of finite-dimensional subspaces {V,,}, Vi, C V, h € (0, hg)
such that for any v € V there exist v, € V},, h € (0, hg) fulfilling

vy, —vinVash—0+. (5)

Let A" € W1>(0,T;B), h € (0,hy) be approximating operators satisfy-
ing

(AM(0)u, u) > apl|ul* Yu € V with ag > 0, (6)
A" — AinU ash — 0+. (7)

Further we assume for 7 € (0, 79) the division of the interval [0, 7] by
O=to<t; <..<tn_ <tN:T, ti:i’T, L= 1,,NEN(T)

We define the approximation u"™ € C([0,T7],V},) of a solution u of (2) by

t—1i

uT(t) = ulT) + (W™ — 7)), tE [timi, by, (8)

(2

where {u/"} are unique solutions (due to Lax-Milgram theorem) of station-
ary problems

(Ajug”,v) = (f5,v) Vo € Vi, (9)

7

i—1

<Agu;” + Z(A?—j - A?—j—1)“hT v) = (! v) Yo €V, (10)
=0

i1=1,...,N.

with AM = AR, fi = M), i = 0,1,..., N. We introduced " : [0,T] —
V* - approximating functionals of f.

In order to assure the convergence of the scheme we impose the smooth-
ness condition on the right-hand side f.

Theorem 1.2 Let f € Wh([0,T],V*), f*e Wbt>([0,T],V*), h € (0,h)
be such that
' — fin Wh([0,T],V*) as h — 0 +. (11)

4



Then
u™ = in WH([0,T],V) as h — 0+, 7 — 0+, (12)

where u € WH(0,T; V) is a unique solution of the equation (2) and uh™ is

defined by (8)-(10).
If a solution u fulfils the condition

mh(u) — win C([0,T],V) as h — 0+, (13)

where m,(u)(t) € Vi, t € [0,T] is the orthogonal projection of u(t) onto the
subspace Vj,, then

u" — win C([0,T],V) as h — 0+, 7 — 0 +. (14)

Proof.  Using the uniform coercivity (6) and the convergence (7) we obtain
from (10) the inequalities

i—1

t.
aollul™ 2 < (3 [ (ANt = s)ds wl + f i)
7=0"1
and
i—1
latll < a5 (1Al + € 7l + g £l i = L,.s N, € (0, o).
j=0

Applying the convergence (7), (11) and a discrete form of Gronwall’s
lemma ([6]) with respect to {u/"} we obtain the a priori estimate

|ul™|| < C(T), i =0,1,....,N(7), h € (0,ho), 7€ (0,70). (15)

Let us denote dw; = %(wl — w;—1), w; = w(t;) for any function w €

C([0,T], X) with values in a Banach space X. Setting ¢ — 1 instead of 7 into
(10) and substracting from (10) we obtain the relations

1—2
(Afsul™ vy = (=73 6A! .\ 6ulT — SAMuT + 5 f]v) =
j=0

1 rt
f/ (AMY(s)ds ul™ + 6 f1, ) Yo € V.

T Jti—1

=2 i
O [T AN i — s)dsdul -
j=0""t



Again using the convergence (7), (11) and a discrete form of Gronwall’s
lemma we arrive at the estimate

[6uiT]| < Co(T), i =0,1,...,N(7), h € (0,ho), 7€ (0,7).  (16)

Let us define the step functions @™, @™ : [0,T] — V by

ﬂhT(O) U/gT7 Q_LhT(t) = U?T, t e (ti—lu tz],
a"m(0) =0, a"(t) = ul",, t€ (tisy,ti], i=1,...,N.

The equation (10) can be expressed in a form
t;
(AP(O)a" (1) + (AN @ (1) + [ (AN (ks — )i ()ds,v)
! hy/ hy/ ~h rh
= </0 [(AM)(t = s) = (A")(ti — s)]a""(s)ds + [ (1), v)
for all v € Vh, t e (ti—lyti]a 1= 1,...,N. (17)
The a priori estimates (15), (16) imply the estimate
HuhTle,oo(QjT;V) S Cg(T), h - (O, ho), T E (0,7’0) (18)

and the existence of a function w € WH>(0,7T;V) and a sequence {h,,7,},
h, >0, 7, >0 fulfilling

hp — 0, 7, — 0, u™™ —*win WH(0,T; V). (19)
Simultaneously there hold the inequalities

[l () — " ()] < 7Co(T), (20)
[l () — @ ()| < 7Co(T). (21)
Applying the assumptions (5), (7), (11), the a priori estimate (15) and the
estimates (20), (21) we obtain from the equation (17) that a limiting function
w from (19) is a solution of the state equation (2). We have w = u due to the

uniqueness of a solution and hence the convergence (12) holds. We remark
that we have used the relation

lim [[F(t + 1)~ F(8) [ oz =0, 1< p < oo

for any function F' € LP(0,T; X) extended by F(t+7) =0, if t+7 ¢ [0,7T]
in performing the limit in the integral on right-hand side of the relation (17).
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It remains us to prove the uniform convergence (14). Let u,(t) :=
mru(t) € Vi, t € [0, T] be the orthogonal projection onto V;,. It fulfils due to
the assumption (13) the uniform convergence

. - o 92
Jm Ju = unlloqomv) =0 22

We define functions vy, : [0,7] — V}, by
Oy = up — 4", h € (0,ho), T € (0,7). (23)
Taking into account the relations (2), (17) we obtain the identity
(A" (0)unr (t) + (A") 5 vnr (£), 0nr (1)) = (Wi (8), var (1)), ¢ € 10,7, (24)
where
th(t‘) = A"M(0)up(t) — AO)u(t) + (A" s up(t) — A * u(t)
— [ At = ) ()ds + [ TANE = s) = (At = 5)]i" (s)ds
+AM(0)[an (t) — @n(t)] + f () — [ (1)

The uniform coercivity (6) and the assumption A" € L>(0,7"; B) imply the
inequality

t
[vrr (O] < [Jwnr (2)]]« +C3(T)/0 |- (s)llds ¥t € [0,T].
The estimate
[vnr ()| < llwnr ()]« exp TC3(T') ¥t € [0, T] (25)

follows due to Gronwall’s lemma. The previous assumptions and estimates
imply the convergence

whr — 0in L=(0,T;V*) as h — 0+, 7 — 0+ .

The uniform convergence (14) then follows from (22), (23), (25) and the proof
is complete.



2 A maximization problem and its approxi-
mation

Let us ussume the compact subset U,y C U of operator functions A : [0,T] —
B such that A(0) fulfil uniform positive definiteness (1). The functional
QU xC([0,T); V) — R fulfils

Ap € Upg, {An,un} — {Au} inld x C([0,T];V) as n — o0

= lim sup ®(A,, un) < O(A, u). (26)

We formulate
Maximization Problem:

A, = arg max &4, u(A)), (27)

where u(A) is a solution of the integral equation (2).

Theorem 2.1 Let the assumptions of Theorem 1.1 be fulfilled. Let the func-
tional ® satisfy (26).
Then the Mazimization Problem (27) has at least one solution.

Proof. Let {A,} C Uyq be a maximizing sequence for the problem (27)
ie.,

lim ®(A,,u(A,)) = sup ®(A,u(A)). (28)

oo A€Uyq

There exists its subsequence (again denoted by {A,}) and A, € U,q such
that
A, — A, inlU. (29)

The corresponding sequence {u,} fulfils the equations
An(0)uy + Al xu, = f, n=1,2,.... (30)
Let us denote by u, € C([0,7],V) = u(A,) a unique solution of the equation
A (0)uy + AL *u, = f. (31)

If
U, — uy in C([0,T],V), (32)

then the property (26) implies the relation (27).
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Comparing (30) and (31) we arrive at the equation

An(0) (= w)(0)+ [ (AL — )t — ) (s)ds = wn(t), € 0.T) (33)
with
nt) = [A:(0) = A, (O)un(t) + [ (AL — At — $)ua(s)ds,
We have
Jimlwn gy =0 (34)

due to the convergence (29). The equation (33) implies due to the uniform
coercivity and boundedness of {A,,} in U the inequality

t
[[(un — w) ()] < M/O [[(un = we)(s)llds + [lwn(t) ||« VE € [0,T7].
Applying the Gronwall lemma we arrive at the estimate
[(un = w) ()] < Co(M,T)|wn ()] V¢ € [0,T]

and the uniform convergence (32) follows due to (34). The convergence (28),
(29), (32) together with the property (26) implies that a function A, € Uy
solves the Maximization problem (27).

We continue with an approximate maximization problem. We assume
that there hold the assumptions of Theorem 1.2.

Let U, C Uug, h € (0,hg) be such compact subsets that for all A €
Uyg and h € (0, hy) there exist approximating operator functions A; € U%,
fulfilling the convergence (7). Let 7 € (0, 7). We assume that the functional
¢ U x C([0,T],V) — R fulfils the continuity property

Ay € Upg, u €V, {Ap,ur} — {Au} ind x C([0,T],V) as k — oo
— klim O(Ag,u) = (A, u). (35)

For A € U, we set u""(A) € W1*°(0,T;V) a solution belonging to the
approximating problem (9), (10).

The Approximate Maximization Problem P”:

AP = arg max ®(A,u"(A)). (36)

Aeuh,



Theorem 2.2 Let f € Wh°(0,T;V*) and the admissible sets Ung, U, sat-

a

isfy the assumptions stated above. Let the assumption (13) be fulfilled for
every A € U. Then there exists a solution AY™ € U", of the Problem (36).
If A, is a solution of the Problem (27) and a sequence {h,,T,} is such
that,
h, >0, 7, >0, h, —0, 7, — 0,

then there exists its subsequence {hy, T} fulfilling
Al * A in Y for k — oo. (37)
Proof. Let {A,} CU", be a maximizing sequence for the problem (36) i.e.
lim ®(A,,u"(A,)) = sup ®(A,u""(A)). (38)

n—00 n
AelU;,

There exists its subsequence (again denoted by {A,}) and A" € U", such
that
A, — A" in U. (39)

The corresponding sequence {u™}, u"™ = uh™(A,) fulfils the relation analo-
gous to (17)

(A0 @)+ A, 370+ [ (A8 = 5)al ().

= ([ 1A = ) = (At — )i (s)ds + (1))
for aHUEVh, te (tifl,ti], Zzl,,N (40)

Let u"™ be a solution of the approximated scheme corresponding to A"7:

(AT (O)a () + (A 5 7 (0) + [ (At — 9)al”(5)ds,v)

= (TN = 5) — (A7)0 — ) (5)ds + P7(0),0)
forallv e Vj, t € (t;-1,t], i=1,...,N. (41)

The following estimates can be verified in the same way as in the proof of
Theorem 1.2:

||UZT||WL°°(0,T;V) < C5(T),
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[un” (t) — @ (t)|| < 7C6(
[un™(£) — @) (1) (T) (42)
[ [[wieo 0,1y < C5(T),
[l (t) — 7}”( ) Co(
[l (t) — @l (t) Cs(

Let us denote

T) n > ny, h € (O, ho), T € (0,7’0).

I =" — T n > g, he (0, hg), T € (0,7). (43)
We obtain from (40), (41) the identity

(A0l (1) Al (6), 007 (6)) = W (@), o0 (@), (44)
with W™ € C([0,T],V*) fulfilling

Tim_[lwp™lleom,ve) = 0. (45)
Applying the uniform coercivity of the operators {A,} and the Gronwall’s
lemma in (44) we obtain due to (42), (43), (45) the convergence

u'™ — u" in O([0, T, V). (46)
The property (26) of the functional ® and the convergence (38), (39), (46)
then imply that A" is a solution of the Approximate Maximization Problem
(36).

We continue with the convergence of the method. Let h, > 0,7, >

0, hy — 0, 7, — 0. The sequence {A"™} belongs to the compact set
U,q C U. Then there exist its subsequence { A"} and the operator function
Ag € Uy fulfilling

Al — arg max ®(4, u T (A)), (47)
Aeu"
AP Agin U. (48)

Let ug = u(Ap) be a unique solution of the state equation

Aoug + Ag xug = f (49)
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and ux™ = T (AMT) k= 1,2... be a unique solution of the approximate
problem

(ADH )T (0) + (AT, w7 (1) + [ (A, (1 — )T (5)ds, )

t
= ([ 1At — 5) — (ALt — ke (s)ds + 7 (1), )
forallve Vi, t€ (th | tf], tF=in, i=1,..., N,

i—1 "4

Using the same approach as in the proof of Theorem 1.2 we obtain the con-
vergence

ulETe (APETY g = u(Ag) in C([0,T),V) as k — oo. (50)

For an arbitrary A € U,y there exists a sequence {flk} € U;C’l“ fulfilling
Ap — A in U. Simultaneously we have

u ™ (AF) = u(A) in C([0,T],V) as k — oco.

The relations (47)-(50) and the continuity property (35) then imply the re-
lations

q)(Amu(A())) Z khm sup Q)(Afka’u*(AZka)
> khm (I)(Ak,uhw“;lk)) — (A, u(A)).

Then we obtain Ay = A, is a solution of the Maximization Problem (27).
Simultaneously there holds the convergence (37) and the proof is complete.

3 Applications to Maximization Problems for
Viscoelastic Bodies

Let Q C R? be a a bounded domain with a Lipschitz boundary 9Q = Ty UT;
with open in 99 parts T'g, 'y, meas(T'y) > 0, Ty NT; = () and the unit
outward normal vector n(x), x € 9§). We assume a quasistationary state of
a viscoelastic body occupying Q and acting upon body forces f(x,t), x €
Q, t € [0,T] and surface tractions g(x,t), x € I'y, ¢t € [0,T]. Considering
the Boltzman type anisotropic long memory material ([3]) we obtain the
equilibrium equations

—div o(u;x,t) = f(x,t), x€Q, t €[0,T] (51)
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with boundary conditions
u(x,t) =0, x€l'y, o(u;x,t)n=g(x,t), x €I, (52)

and stress-strain relations

05 (11; X, t) -
t 0
Azykl(xa O)ekl(u(t)) + /() aA”kl(X’t — S)Ekl(u(s))ds, (53)
1 Ou; Ouy
Ez](u) 5 (ax] 3:1,}) y ) = 1,2,3. (54)

We assume the components of fourth order tensor functions A;jx(.,.) : £ X
[0,7] — R to fulfil
Aiji € Wl’oo(oa T; L™ (2))) (55)

The fourth order tensors A;;x(x,0) are assumed to be uniformly positively
definite

Aijkl(x7 O)Gijekl > Co€;j€i5, Co > 0, a.e. in Q, V{Eij} c R3X3 (56)

sym)

where R2x3 is the space of all symmetric tensors {e;} € R**?

After setting
V={veH(Q)?: v(x) =0, x €Ty}

the Hilbert space of displacements vectors v :  — R? and using the nota-

tions from the previous section we introduce the operator function A € U
by
(A(t)u, v) = / Agja(x, e (Wew(v)de, u, v e V. (57)
Q
The operator A(0) : V' — V* is positively definite with some constant oy > 0
due to the uniform positive-definiteness of the tensor function {A;x(.,0)}

and the Korn’s inequality, verified in ([8]). If we define the functional
f(t) e V=, t€[0,T] by

(f(1),v) = /Q £(x, ).v(x)dz + /F gV veV ()

we can identify the state integral equation (2) with a weak formulation of
the boundary value problem (51)-(54). Applying Theorem 1.1 we obtain
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Theorem 3.1 Let f € C([0,T], L*(Q)?), g € C([0,T],L*(T'1)?). Then there
exists a unique weak solution w € C([0,T],V) of the problem (51)-(54).

Let us introduce the following spaces of coefficients {A;;i} by
U = [WHe(0,T; L= ()™ (59)
and
V= [W(0,T;Wh(Q)) n W0, T; L=(Q))]*, p>1, ¢>3 (60)

or

V= [Whe(0,T; WH(Q)) nWP(0, T; L*(Q))]*, p > 1. (61)

There holds in both cases the compact imbedding V CC U.

We have applied the compact imbedding W14(Q) cC L*°(Q2) and the
theory of compact sets in the spaces LP(0,T; B), 1 < p < oo, ( B— a Banach
space) due to Simon ([11]).

The set of admissible coefficients

U= { {Ayut €V [{Ayutlly < a, (62)
Aijkl(X7 O)Eijﬁkl > Co€;j€i5, Co > 0, Vx € Q, V{EZ’J’} € R3X3}

sym

is compact in the Banach space U.

We can consider instead of the set U,  its arbitrary convex closed (in V)
subset.

Most of viscoelastic materials are described by coefficients fulfilling the
exponential decreasing of their time derivatives. In that case we can consider
as the admissible set

Upg = { {Aiju} € Una: [{AL ()M ooy < 6™, >0, Vt € 0,71}

Very important special case of the set U}, is the set of coefficients in the
exponential form

M
Agu(t) = B+ 2 Bijje P, B >0, m=1,.., M
m=1
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with positively definite fourth-order tensor {A;;(0)}. Precisely, the admis-
sible set has the form

U= { B ABY] € WH(QPS x RIM, ¢ > 3:

M
Z ijn;z (X)Eijekl > Q€;€i5, Oy > 0, Vx € Q, \V/{Eij} € R3><3
n=0

sym?

H{B%E}HWLQ(Q)& < cm, n=0,...,M;
O<7m§ﬁm§6m7 mzl,,M}

Let u
m=1

We assume the cofficients to be constant with respect to x on the subsets
Q, m=1,...,M. The admissible set has then the form

Upg = HAgu} €U Agula,, (x,8) = AT (1),
AZ(;Z(O)eijekl Z C()Gijeija Cco > O, VEU < Ri’;n%,

A§;7;§ e W(0,T), HAg?;QZHWWO,T) < Cm, m=1,...,M}.

We can formulate

Maximization problem P :

A, = arg max ®(A4,u(A)), A= {A;u}.

AU, q

with goal functionals ®; : U x C([0,T];V) — R, i = 1,2 fulfilling the
assumptions (26).

Let Q; C Q, intervals I; C [0,T], j=1,...,J.

D @A) = max vu(A) with
a) v;(u(A) = (meas Q;)7* Jo, a(A)(t)dz, t. € (0,T], or

) )
b) ¥i(u(A) = (measl;) ' (measQ;) ! [} fo, u(A)dtdr.
2)  Dy(Au(A) = Jy Jor(A u(A))dtdz,
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’%(A’ u(A)) z#][

aij(05 — 055)% + bio7), aw>0 bi; > 0,
0ij = 03 (A, u(A))(t) =

A (0)exa(u(t)) - (AL # e (w) (1),

The functional ®5 expresses the intensity of the shear stresses.

It can be verified using the standard methods that the Maximization
problem P fulfils for all above mentioned choises of admissible sets and goal
functions the conditions of the general theory and it has at least one solution

{Aukl}

We continue with the finite element approximation of the Problem P. We
assume the polygonal region 2 divided regularly (see [4] for the details) by
tetrahedrals {G;} :

>

I(h)
Q=|JGi, GinG; =0, i #j, h=diam Gy, i =1,...,1(h).

1

.
Il

The division is consistent with the partition 02 =T'gUTI';. Let
Vi, = { VvV E VQC(Q)?) D Vig; € Pl},

where P; C R? is the space of vector polynomials of the first degree. Let us
assume the admissible set U4 defined in (62). In order to fulfil the regularity
of coefficients {A;;i;} we shall consider the Hermitian interpolation with re-
spect to the time variable. The method of Galerkin space-time discretization
used in [10] can be used in final numerical algorithms.

For 7 > 0 we recall the division of the interval [0, 7] by

O=to<ty <..<ty1<ty=T, t,y=mr, m=0,1,...,N(7)

and the approximation "™ € C([0,T],V},) of a weak solution u of (51)-(54)
by
ht _ i hT t— tm_l ht . hT
u' (t) =uy | + — (u U, ), tE [tmo1,tm]

m m—1

Approximate maximization problem P":

Al = arg max ®(A,u"(A)), A= {A;u}

Aeuhr
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with the approximate admissible set of fourth-order tensor functions

t—t—
U = { A €Uy : At) = A 1oo(—1) +

-
t—1m

T

t—tm— t—1n,
Al 100(—"0) + AR 61 (=) + Ao (——),

ALY = AP + 73 AY by <t <ty m=1,.,N()},
n=1

m

‘A’S’;) = {Agl)fl,riz}7 A'gl)fl,m € Uh7 r= 07 17
Up = {qb S C(Q) : ¢‘Gn e P, n=1, ](h)}

The Hermitian basic functions ¢g, ¢; have the form

do(x) = 1—32%2—223, —1<2<0,
0 1—3224+22% 0<z<1,

b1 () = 4222+ 23, —1<2<0,
N7 e—2224 2%, 0<a<l.

The discrete values of u"” are determined by variational equations

(AP V) = (fo,v) Vv € W,
i—1

<A(<)O>ufj: + Z TAﬁilnuZT,W = ffl,v> Vv eV,
n=0

m=0,1,.., N(r) (63)

with the operators A{") : V' — V* defined by

(A, v) = /Q Al ()6 (Wen(vV)de, u, v €V,
and the finite element approximations f" of the functionals f(t,,) € V*,
m =1,..., N(7) defined in (58).

Using the approach similar to the proof of the Theorem 2.2 the conver-
gence of a subsequence of { A"} as h — 0+, 7 — 0+ can be verified.
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Remark 3.2 The Maximization Problem (27) can be formulated also for
the bending problem of a viscoelastic plate of variable thhickness and made
of a long memory material. The deflections of the middle surface (2 are the
elements of the Hilbert space

9 v

V= {U cH (Q) :/U‘Fo = 87’110 =0, U|F1 = O},
n
if the part I'g of the boundary 02 is clamped and I'; is simply supported.
The functionals A(t) : V' — V* are of the form
Pu 0%

(A(t),v) = /Qe (x)Awkl(x,t)axiaxj axjaxkdxldxg

with the tensors {A;;u(z,t)}, 4,7,k 1 € {1,2}, v = (x1,22) fulfilling the
positive definiteness for ¢t = 0. The variable thicknesses e : Q@ — R can
play the role of control parameters in a similar way as in [1], [2], where a
minimization problem for a short memory material was investigated.
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