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We show that every state w on a lattice effect algebra F induces a uniform topology
on F. If w is subadditive this topology coincides with pseudometric topology induced
by w. Further, we show relations between the interval and order topology on F and
topologies induced by states.
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1. Introduction and basic definitions

A model for an effect algebra is the standard effect algebra of positive self-adjoint
operators dominated by the identity on a Hilbert space. In general an effect algebra
is a partial algebra satisfying very simple axioms.

Effect algebras [6] (or, equivalent in some sense, D-posets [13], [14]) were in-
troduced as carriers of states or probability measures in the quantum (or fuzzy)
probability theory (see [10], [11], [13]). Thus elements of these structures represent
quantum effects or fuzzy events which have yes-no character that may be unsharp or
imprecise. Unfortunately, there are even finite effect algebras admitting no states
hence also no probabilities [19]. Moreover, a state on an effect algebra need not
be subadditive. It was proved in [20] that a state on a lattice effect algebra is
subadditive iff it is a valuation. Further, if a faithful (i.e., non-zero at non-zero
elements) valuation on an effect algebra E exists then E is modular and separable
[20]. Conversely, on every complete modular atomic effect algebra there exists an
(0)-continuous state [18], [21]. The aim of this paper is to bring some topological
properties of lattice (or complete) effect algebras on which states, order-continuous
states or valuations exist. Namely, we study properties of order and interval topolo-
gies of such effect algebras. Further we show relations of these topologies to uniform
or metric topologies induced by states or valuations on them.
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2 States, Uniformities and Metrics on Lattice Effect Algebras

Definition 1.1. A structure (E;®,0,1) is called an effect-algebra if 0, 1 are two
distinguished elements and @ is a partially defined binary operation on P which
satisfies the following conditions for any a,b,c € E:

(i) b@a=a®bif a® b is defined,

(ii) (a®b)®c=a® (b c) if one side is defined,

(iii) for every a € P there exists a unique b € P such that a ® b = 1 (we put

a =b),
(iv) if 1 ® a is defined then a = 0.

We often denote the effect algebra (E;@®,0,1) briefly by E. In every effect algebra
FE we can define the partial operation © and the partial order < by putting

a<band bSa=ciff a® cis defined and a ¢ =b.

Since a @ ¢ = a & d implies ¢ = d, the © and the < are well defined. If E with
the defined partial order is a lattice (a complete lattice) then (E;®,0,1) is called a
lattice effect algebra (a complete effect algebra). It is well known that a lattice effect
algebra is a common generalization of orthomodular lattices and MV -algebras (see

[4] and [14]).

Lemma 1.2. Elements of an effect algebra (E;®,0,1) satisfy the properties:
(i) a®bis defined iff a <V,
(i) a<a®b,
(iii) if a ® b and a V b exist then a A b exists and a @b = (a A b) ® (a V b),
(iv) a®b<a®ciff b<cand a® cis defined,
(v) aob=0iff a =b,
(vi) a <b < cimplies that cob<cSaand bSa= (cSa) S (cOb).
If F is a lattice effect algebra then
(vii) ¢<a,b = (aVb)oc=(acc)V(boc)and (aAb)oc=(aSc)N(bSc),
(viil) a,b<¢ = co(aVd)=(coa)A(cob)and co(aAb) = (cSa)V(cEb),
(ix) a,b<d = (a®c)V(b®c)=(aVb)®cand (aAb)@c=(a®c)A(bDc).

It is worth noting that if (E;@®,0,1) is an effect algebra then (F;©,0,1) with the
partial binary operation & defined above is a D-poset introduced by Koépka and
Chovanec [14], and vice versa.

Definition 1.3. Let (F;@®,0,1) be an effect algebra. Q C E is called a sub-effect
algebra iff
(i) 1eq,
(ii) if from elements a,b,c € E with a & b = ¢ at least two are elements of @
then a,b,c € Q.

For more details on D-posets and efefct algebras we refer the reader to [4].

Definition 1.4. Assume that (F;®,0,1) is an effect algebra. A mapm : E — [0, 1]
is called a (finitely additive) state on F if m(1) =1 and a <V = m(a®b) =
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m(a) + m(b). We say that m is faithful if m(a) =0 = a =0.
A state m on a lattice effect algebra F is called a wvaluation if for a,b € E,
aANb=0 = m(aVb)=m(a)+ m(b).

Note that if m is a state on an effect algebra E then for a,b € E with a < b
we have b = a @ (b © a), which implies m(b) = m(a) + m(b©& a). Thus a < b =
m(a) < m(b) and m(b & a) = m(b) — m(a).

If w is a valuation on a lattice effect algebra E then evidently w(a Vb) < w(a) +
w(b) for all a,b € E (we say that w is subadditive). On the other hand a state on a
lattice effect algebra need not be subadditive.

Theorem 1.5. [20] Assume that E is a lattice effect algebra.
(i) Every subadditive state w on E is a valuation.
(ii) A state w on F is a valuation iff w(a V b) + w(a A b) = w(a) + w(b) for all
a,be E.
(iii) If there exists a faithful valuation w on F then E is modular and separable.

The existence of (0)-continuous states or valuations on some families of lattice effect
algebras has been proved in [18], [21], [22].

2. Uniform topologies induced by states on lattice effect algebras

If a net (z4)ace of elements of a topological space (X, T) converges to a point

z € X we will write 2, — . Here 7 denotes also the collection of all open subsets
of X.

Theorem 2.1. Every state w on a lattice effect algebra E induces a uniform
topology 7, such that for a net (x,).ce of elements of E

7o =z iff w(re Vy) = w(xVy) and w(w, Ay) — w(@ Ay) forally € E.

Proof. Consider the function family ® = {wyy | vy € E} U{wys | y € E}, where
wyn: B —[0,1] and wyy: E — [0, 1] are defined by putting wyy (z) = w(y V z) and
wyn(z) = w(y A x) for all z € E. Further, consider the family of pseudometrics on
E: Yo ={pyv |y € E}YU{pyn | y € E}, where pyy(a,b) = |wyy(a) — wyy(b)] and
pyn(a,b) = lwyn(a) —wya ()| for all a,b € E. Let us denote by Us the uniformity on
F induced by the family of pseudometrics >¢. Further denote by 7, the topology
compatible with the uniformity Up. Then for every net (x4 )aece of elements of E

To —25 xiff w(ze Vy) — w(z Vy) and w(z, Ay) — w(z Ay) forally € E.
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For a deeper discuss a topology induced by a function family ® we refer the reader
to [3]. In [15] functions on D-posets with values in arbitrary uniform space with-
out algebraic operations were treated and a Nikodym boundedness theorem and a
convergence theorem were proved.

3. Pseudometric topologies on lattice effect algebras induced by
subadditive states

For elements a,b of a lattice effect algebra E we set a Ab= (aVb)© (aAb). Then
the triangle inequality a A b < (a A b) © (a A b) fails to be true in general but it
does so for every valuation w on F.

Lemma 3.1. For every valuation w on a lattice effect algebra E and for all a,b, c €
E,wlaAb) <w(aAc)+w(cAb).

Proof. For any a, b, c € E we have w(aAc)+w(bAc) = w((anc)V(bAc))+w(aAbAc).
Moreover, (aAc)V (bAc) < ¢ < (¢Va)A(cVb) which gives w((aAc)V (bAC))—w((cV
a)A(eVvb)) < 0. Therefore w(aAb) = w(aVbh)—w(aAb) < w(aVbVe)—w(aAbAc) =
wlave)+wbdVe)—w((avVe)A(bVe)—wlane)—wbAce)+w(lance)V(bAc)) =
w@he)+wbAc)+w((anc)V(bAe) —w((aVe)A(bVe)) <w(laAc)+wbAc).
a

Assume that (€; <) is a directed set and (P; <) is a poset. A net of elements of P
is denoted by (@a)ace. If aq < ag for all o, § € £ such that a < [ then we write
aq 1. If moreover a = \/{a, | @ € £} we write a, T a. The meaning of a, | and
aq | ais dual. For instance, a T uy < v, | b means that u, < v, for all @ € £ and
Uo T a and v, | b. We will write b < a, Taif b<a, for all « € £ and a, T a.

A net (aq)ace of elements of a poset (P; <) order converges to a point a € P if
there are nets (uq)ace and (vq)acs of elements of P such that

al g <aq <V la.

We write a,, P (or briefly a, L), ).
Lemma 3.2. In every lattice effect algebra F

maﬁxiﬁxanﬂO; To, T €EE.

Proof (1) Evidently z, O, — To VT {9, 2 and Ta N T ), 4. By the

definition of (0)-convergence there are nets (uq)acr, (Va)ack such that z 1 u, <
T AT < 2o VI < 0, | & which implies that 2, Az = (24 VE)O (24 AZ) < 040U, [ 0

(see [16]) and hence x, A HGN
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(2) Assume that z,Ax ), 0. As (zoVa)ozx <z, Az and 268 (zoAz) < x4 Az

we obtain that (z,Vz)Ox 9,0 and 6 (zq A1) 0. 1t follows that To VT O,

and z, Az ), & (see [16]). Because for every o we have xo Ax < 2o < 24V, We

conclude that x,, ﬂ z. O

Theorem 3.3. For a state w on a lattice effect algebra E the following conditions
are equivalent:
(i) w is subadditive,
(ii) w is a valuation,
(iil) py: F x E — [0,1] defined by p,(a,b) = w(a AD) is a pseudometric.

Proof For a proof of (i) < (ii) we refer to [20].

(ii) = (iii): By Lemma 3.1, p,,(a,b) < py(a,c)+py(b,c) for all a,b,c € E. The
rest is trivial.

(iii) = (ii): If p, is a pseudometric then w(a A b) = w(a Vb) —w(a Ab) =
pw(a,b) < py(a,a Ab)+ p,(aAb,b) = w(a) —w(aAb)+w(b) —w(aAb) which gives
w(aVvbd) <w(a)+w(d). O

In the sequel, we will denote by 7, the pseudometric topology compatible with p,,.
It is easy to check that p,, has the following properties:
(1) pu(0,a) = pu(b,a®b), for all b < a’
(2) 0<a<b = pu,(0,b) = p,(0,a) + py(a,bd)
(3) pw(a7 b) = Puw (a NbaV b) = puw(d’, b/)
which gives
(4) aam—“>aiﬁ’a;m—“>a’
(5) aaq 25 0 iff ag ® b -2 b for all a, < V.
By (5) we obtain
(6) If b < by < ¢ then by —25 b iff by © b —25 0 iff by & ¢ 25 b c.

Theorem 3.4. For every valuation w on a lattice effect algebra E, 7, = 7,.

Proof (1) Assume a, —2 a. Then for every 2 € E we have w(a, V x) — w(a V x)
and w(agAz) — w(aAz), hence w(agAa) = w(agVa)—w(agAa) = w(a)—w(a) =0
which is equivalent to aq —% a.

(2) Conversely, let aq —% a. Then  w(ag A a) = (w(aq V a) — w(a))+
(w(a) — w(aq A a)) — 0 which gives w(ay V a) — w(a) and w(a, A a) — w(a).
It follows that also w(a,) — w(a). Let x € E be arbitrary. Then w(a V z) <
w(ag Va) +w(z) —wlaNz) - wla) +w) —wlaAz) =wlaV ), which gives
w(ag VaVe) — w(aVe). Further, w(ag Aa) +w(z) —w(aAz) <w((agNa)Va) <
w(ae V) <w(ag VaVz) — wlaV ) and hence w(ag V ) — w(a V x) because
also w(aq A a) +w(zr) —wlaAzx) = wla) +w(z) —wla A z) =w(aV z). Moreover,
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w(ao A z) = w(ag) +w(x) —w(ag V) = wla) +w(z) —wlaVe) =wlaAz). O

4. Relations between topologies 7;, 7,, 7,, and 7,

Recall that the interval topology 7; on a bounded poset P is a coarsest topology
in which every interval [a,b] is a closed set. Hence complements of finite unions of
closed sets generate an open base of 7;. The order topology 7, on P is the finest

topology in which z ﬂ T = T, —> x. Hence a set FF C P is a closed set in 7,

iff for every net (z4)acs of elements of F: z, AN x = x € F. Further 7; C 7,
and if 7; is Hausdorff then 7; = 7, (see [5]). By Frink [7] the interval topology on a

lattice P is compact iff P is complete.

Definition 4.1. A lattice effect algebra (E;®,0, 1) is called order continuous ((o)-
continuous for brevity) if for any net of elements of F and z,y € E: z, | 2 =
T Ny T AY.

It is easily seen that in an (o0)-continuous lattice effect algebra we have:

xa&)%x, yaﬂy — xavyaﬂxVy ando:a/\yaﬁ)ﬂfv/\y- We need only

consider that z, Tz iff 2, | 2’ and that in every lattice z, V yo T =V y. Note that
(0)-continuous lattice effect algebras were also called meet continuous lattices [8].

Theorem 4.2. Let E be a lattice effect algebra and let w: E — [0, 1] be a state on
E. Then
(i) wis faithful = 7, is Tb,
(i) w is faithful = 7, C 7,
(iii) w is subadditive and faithful = 7, = 7, is a metric topology,
(iv) w is subadditive and faithful = (7, C 7, iff w is (0)-continuous),
(v) E and w are (0)-continuous = 7, C 7,.

Proof (i) Assume that z, 2 gy and zq =5 9. If 21 # o then either 21 Azy < 21
or 1 Axs < xa. Let 1 Axo < x1. Then w(z1 A z2) < w(z1). By definition of 7,
we have w(x, A 21) — w(z1) and w(zq A z1) — w(ze A x1), a contradiction. Hence
r1 = T3, which gives that 7, is Ts.

(i) Let @ < o < band let 4 —% 2. Then 2, = x4 Va = x4 Ab and by definition
of 7, we have w(z,) = wW(xa Va) = w(Ta AD) = w(z) =w(x Va) =w(@Ab). As
zAb<x<zxVaand w is faithful we conclude that © A b= x = x V a which gives
x € [a,b].

(iil) As w is a faithful valuation, we have 7, = 7, and w(z Ay) =0if e Ay =0
iff (zvVy)s(xAy)=0if x Ay =z Vyiff =y, which gives p,(z,y) =0iff z = y.

(iv) Assume that w is (o0)-continuous. Then by Lemma 3.2, z, O =

AN 9y — w(ze Ax) = w(0) =0 = 24 —% 2. It follows by definition

of 7, that 7, C 7.
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onversely, if 7,, C 7, then z, —> ¢ = z, > 2 = 2o — . As

w is 7,-continuous and 7, = 7, , we conclude that w(z,) — w(x), hence w is
(0)-continuous.

(v) Assume that z {9, 4. Then by (0)-continuity of E we have z, Vy ), xVy

and z, Ay (o), z Ay for all y € E. By (0)-continuity of w we obtain w(z, V y) —

w(z Vy) and w(ze Ay) — w(z Ay), for all y € E, which gives z, —> z. It follows
7w C 7, by definition of 7,. O

Definition 4.3. We say that a bounded lattice L has separated intervals if given
any two disjoint intervals [a,b], [c,d] C L, the lattice L can be covered by finite
number of closed intervals each of which is disjoint with at least one of [a,b] and
(¢, d].

In [17] it was proved that the interval topology 7; on a complete lattice L is Hausdorff
iff L has separated intervals.

Since the partial operation @ on an effect algebra F is associative, the existence
and the meaning of a1 ®as®- - -Pa, for elements of E is defined recurrently. M C E
is called an orthogonal set if for every finite set {a1,as,...,a,} C M, a1®as®- - -Bay,
is defined. @Q C F is called a set of mutually orthogonal elements if any two different
elements a,b € @Q are orthogonal; i.e., a < . Evidently, every orthogonal set is a
set of mutually orthogonal elements but not conversely.

Definition 4.4. An effect algebra (F;®,0,1) is called Archimedean if for no
nonzero element e € E, ne = e® e @ --- G e (n-times) exists for every n € N.
E is called separable if it is Archimedean and every orthogonal set of elements in E
is at most countable.

It was proved in [20] that if there exists a faithful state m on an effect algebra
(E;@®,0,1) then F is separable.

Theorem 4.5. Let E be a complete effect algebra with separated intervals.
(i) If there exists a faithful, subadditive and (o)-continuous state w on E then

Ti =Tw = Tp, =To

w

and (E, 7,,) is a compact metric space. Moreover, E is (0)-continuous, mod-
ular and separable.
(ii) If there exists an (0)-continuous state on £ and E is (0)-continuous then

Ti =Tw =To

and 7, is a compact Hausdorff topology on E.
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Proof (i) By Theorem 4.2 we have 7; C 7, = 7,, C 7,. As E is a complete
lattice with separated intervals, the topology 7; is To [17]. It follows that 7, = 7,
and by the Frink theorem 7; is compact as F is complete. For the proof that E is
(0)-continuous, modular and separable, we refer the reader to [20].

(ii) By Theorem 4.2, 7, C 7, C 7, and by [17] 7, = 7,. O

Remark 4.6. Note that the (0)-continuity of a state w on a separable lattice effect
algebra E is equivalent with o-additivity of w, i.e., w(Pr—, zn) = > oo, w(@y),
where @7~ 2, = Voo (Pr_, zk) for every sequence (z,)72, in E for which
Voo (Bi_; k) is defined.

In [22] it was proved that on every Archimedean atomic distributive effect alge-
bra F (e.g., every Archimedean atomic MV-algebra) there exists an (0)-continuous
subadditive state. By [18] on every separable complete modular atomic effect al-
gebra E there exists an (0)-continuous faithful state. Moreover, by a generalzation
of the Kaplansky theorem [18] every complete modular atomic effect algebra is an
(0)-continuous lattice.
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