ON THE GENERALIZED VON KARMAN
SYSTEM FOR THE VISCOELASTIC PLATE
AND ITS SEMIDISCRETIZATION.

[I. LONG MEMORY CASE
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Abstract

We shall deal with the system of quasistationary von Kérméan equa-
tions describing great deflections of thin viscoelastic plates. We shall
concentrate on a long memory material modelled by a quasistation-
ary system with a linear integro-differential main part and a nonlinear
integro-differential term. The existence and the uniqueness of a solu-
tion as the limit of a semidiscrete approximation is verified.

1 Introduction

We continue in the investigation of the behaviour of a viscoelastic isotropic
plate involving the geometrical nonlinearity. We assume the bounded middle
surface region () with a Lipschitz continuous boundary I'. We have formu-
lated in the first part of the paper [1] the integro-differential von Karmén
system for the deflection w(t,z) and the Airy stress function ®(t,x), t >
0, z€Q:

D(0)A%w + D'+ A?w — [®,w] = f(1),
AP = _g(E(O)[w,w] + E s [w, w]),

where E € CY(RT) is a positive decreasing relaxation function, D(t) =

ﬁilﬂ)E(t), t > 0 is the material function, A > 0 the thickness of a plate,
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pt € (0,1/2) the Poisson ratio, (fxg)(t) = [i f(t—s)g(s)ds the convolution
product and

[U, w] = 011v099w + Ooov011w — 20120012w, v, W € H2(Q)

In the special case of the relaxation function containing only one de-
creasing exponential function i.e.

E(t)=Ey+Eie ™ Ey>0, E;>1, 3>0

the original integro-differential system was transformed into the nonlinear
pseudoparabolic system. We considered in [1] the clamped plate with Dirich-
let boundary conditions for both the deflection and the Airy stress function.
The initial-boundary value for the original system was expressed in the sim-
ilar way as in the elastic case as the nonlinear initial value problem for
the pseudoparabolic equation in the Sobolev space HZ(f2) and solved by
discretization with respect to the time variable.

We shall deal here with the general long memory isotropic case, consid-
ering the mixed boundary conditions for the deflection and the nonhomo-
geneous conditions for the Airy stress function formulated in a similar way
as in [5] or [10]. The existence of a weak solution of the resulting nonlinear
integro-differential system will be verified as the limit of the sequences of
segment line and step in time functions. The main condition for the con-
vergence is the bound on the right-hand side, which do not depend on the
lenght of the time interval.

We consider the memory term also in the equation for the Airy stress
function. The dynamic viscoelastic von Karman systems are studied nowa-
days mainly in the framework of controllability problems. The authors (Horn
and Lasiecka [6], Lagnese [8], Munoz Rivera and Perla Menzala [9]) have
considered the memory term only in the linear part of the system.

2 Formulation of the problem

We assume that a plate is subjected both to a perpendicular load f and the

forces acting along the boundary I' = T'; U T U T3, where each I'; is either

empty or mes(I';) > 0. Further we assume that 'y # () or I's # () and T'g is

not a segment of a straight line. The part I's contains only smooth parts.
We shall consider the following boundary value problem:



D(0)A%w + D'+ A%w — [®,w] = f(t), (1)
ow

w:$:00nn, (2)

w =0, M(w)+k2%:m2 on I'y, (3)
0

M( )+k31 aw =ma, S(w)+k32w:t3 on I's, (4)

A% — 2 (B(O) ] + B+ [, u]), 6
0P

¢ = ¢07 % - (Z)l on F> (6)

where

M(w) = D(0)M (w) + D" x M (w),
M(w) = pAw + (1 — )(w,11V12 + 2w 191110 + w7221/§),

S(w) =w 1(13 20 — w, 0P 15 + D(O)S(w) + D' x S(w),
0
S(w) —fAU) + (1 — ,U,)%[U)Jll/lljg — ’U)’lg(Vl2 — V%) — w722V1V2].
We set
e Pw D00
Wi = 81‘1” Wig = axial‘j7 " Do amz

v = (v1,v2), o = (—wo,r1) are the unit outward normal and the unit
tangential vector with respect to €2 respectively.
The functions ko > 0, k3; > 0, ¢ = 1, 2 satisfy the conditions

ko € LP(T'y), k3 € LP(T3), p > 1, k3 € LY(I3).

The boundary conditions (2)-(4) mean that the plate is clamped along
the part I'1, supported (elastically if k2 > 0) or loaded by a moment distri-
bution if mo # 0 on I'y and elastically clamped and supported if ks; > 0 or
subjected to a moment distribution and a transversal load if k3; =0, i = 1, 2.

Let us introduce following Hilbert spaces corresponding to the boundary
conditions (2)-(4) and (6). We set

ov

H3(Q) ={ve H*Q)|v= 5, = 0onT}h



HE(Q) is the Hilbert space with the inner product ((.,.))o and the norm |||
defined by

((u,v))o = /QAuAvdx, lullo = ((w,w)e?,  u,ve H(Q).

Further we introduce the Hilbert space

V—{UEH2(Q)\U—§Z—OOHF1, v =0on Iy}

with the inner product ((.,.)) and the norm ||.|| defined by
((u,v)) =

/Q[U,uv,n +2(1 — p)u12v,12 + w200 22 + p(w, 110,22 + w220 11]d

ou Ov ou Ov
+ - kQ%%dU + /1‘3 (k;ﬂaa -+ kgguv)da, (7)
lufl = ((w, ), u,veV. (8)

We remark that the values u, v on the boundary I" are meant to be pointwise
due to the compact imbedding H?(Q) C C(Q2) and the values %, % on
I' are in the sense of traces. The norm defined in (8) is in the space V

equivalent with the original norm
Jullirgey = (] (02 + 0y + 268, + udy)do] 2

of the Sobolev space V (see [10], Lemma 11.3.2 for the details).
We denote by V* the space of all linear bounded functionals over V with
the norm || f||« and the duality pairing (f,v) for f € V* and v € V.
Finally we impose the conditions upon the right-hand sides in the Prob-
lem (1)-(6). We assume

fewh2(0,T;v™), (9)
m; € WH2(0,T; LP(Ty)), i=2, 3 (10)
t3 € WH2(0,T; LP(T3)), T > 0. (11)

For any Banach space X we denote by W12(0,T; X) the space of functions
f € L?(0,T; X) such that f' € L?(0,T; X), where f’ is the derivative in the
sense of distributions D’(0,T; X) of the function f. It can be verified in the
same way as for real functions that W12(0,T; X) is a Banach space with a



norm || fllwre = | fllz20,7:x) + 1/l 20,7;x)- (See [2] for further properties
of the space W12(0,T; X) ).

The assumptions of smoothness with respect to t are due to the existence
of a weak solution derived in the next chapter.

If X is a Banach space, then we denote by C'(0,7T; X) the Banach space
of continuous functions defined on the interval [0, 7] with values in X.

We suppose the functions ¢; : [0,7] x I' = R, i = 0,1 to be sufficiently
smooth in order to enable the existence of a function F € C([0,T], H?(f2))
such that

F=do, 2 —4 onr, (12)
((F(t),¢))o =0 forall ¢ € HZ(Q). (13)

The paper [5] contains the detailed assumptions imposed upon ¢g, ¢; in
order to fulfil (12), (13).
Let us introduce the trilinear form

B(u,v;w) = /Q[(U,mv,z —u200,1)w1 + (U,120,1 — u110,2)w 2]dz,
w,v,w € H*(Q). (14)

The existence of the integral in (14) is assured due to the compact imbedding
H?(Q) ¢ WH4(Q). The form B fulfils the inequality

|B(u, v;w)| < V20ul g2y lvlwraylwlwrag),  wv,we HX(Q)  (15)
with seminorms
ulp2(0) = [/Q(u211 + 2“,212 + U,Zzz)dfﬁ]l/z,

- /Q (w4 + vh)da] /4,

Using the integration by parts after applying the boundary conditions
we formulate a weak solution of the problem (1)-(6) in a similar way as in
[5] for the elastic case.

Definition 2.1 A pair {w, ®} is a weak solution of the boundary value prob-
lem (1)-(6) if

1. we C([0,T],V),

2. (I)GC([OaT]aHQ(Q))a ‘I):¢07 g%:¢l on I,



3. There hold the identities
(DO)w(t) + (D' xw)(t),v)) — B(D(t), w(t);v) =

[ ma)gedo + [ (a5, + o + (B0, (10
forallv eV,
(@0 600 = —5 [ (BO)w,0l(0) + (B« fw,u) (0)odz (17

for all v € HZ().

After expressing the Airy stress function ® in the form & = F+ W, where
a function F' is defined in (12), (13) we can directly derive the following

Theorem 2.2 A pair {w, ®} is a weak solution of the boundary value prob-
lem (1)-(6) if and only if & = ¥ + F and a pair {w,V} € C([0,T],V) x
C([0,T], H3(Q)) fulfils the identities

((D(0)w(t) + (D" * w)(t),v)) — B(Y(t) + F(t), w(t);v) =

[ malt)godo + [ (mat)gy + taOv)do + (FB0), 09
for all v € V,
(20, 0o = —5 [[(EOw,w)) + (5w, u)@)ode (19

for all v € HZ ().

Before transforming the system (18), (19) into one canonical Volterra
type nonlinear integral equation in the Hilbert space V we derive some
properties of the trilinear form B(.,.;.). We shall use a well known formula

([4)

/[u, v|pdx = / ulv, ¢ldx  for all u, v €V, ¢ € HZ(Q).
Q Q

Applying the integration by parts and the density of the sets C§°(€2) and
C>=(Q) in H3(Q) and H?() respectively we arrive at the formula

B(u,w;v) = B(v, wiu) = B(w,v;u) for all u, w € H*(Q), v e HF(Q).

The following symmetry property
B(u,v;w) = B(u,w;v) for all u, v, w € H*(Q) (21)



can be seen directly. Using the inequality (15) we obtain the inequalities

IB(F,u;v)| < e1]|[F|| gz llullwaqllvll (22)
for all F € H*(Q), u, v eV,
1B(¢, u;v)| < call@lloflullwrallvll (23)

for all ¢ € HZ(Q), u, v €V,

We introduce the bilinear operators B : H?(Q) x H?(Q2) — V and By :
V x V — HZ(Q) as solutions of equations

((B(u,w),v)) = B(u,w;v) forallvelV, (24)
((Bo(u, w), ¢))o = / [u, w]pdz  for all ¢ € HZ(Q). (25)
Q
Both equations are solved uniquelly, because the right-hand sides of both
relations belong to the dual spaces V* and (HZ(Q2))* respectively.
The operators B : H?(2) x H>(Q) — V, By : V. x V — HE(Q) are
bounded (as bilinear operators) and fulfil the properties
[ s vlode = ((B(u,0),0) = (B, 6)) = (B(u,0).v)) (26
for all u,v € V, ¢ € H3(Q),

Boy(u,v) = By(v,u) for all u,v €'V, (27)
((B(Bo(u,v),w),¢)) = ((Bo(u,v), Bo(w, $) ))o (28)
for all u,v,w,p €V,

| B(u, v)|| < esllull [|wllwraq), (29)
| B(u, v)|| < [|B]| [Jull [Jv]] (30)
for all u,v € H*(Q),

| Bo(u, v)[lo < eallullprallwllwa) (31)
[ Bo(u, v)llo < [ Bol| [lull v, (32)

for all u,v € V.

Using the operator By we express the function ¥ from the identity (19) in
the form
h

W(t) = =5 [E(0)Bo(w(t), w(t)) + (B Bo(w,w))(#)], t € [0,T].  (33)



Let us define the function ¢ : [0,7] — V by the relation

((q(t), v)) =

l)z())[ - m2(t)%d0‘ + - (’I’)’Lg(t)% + ts3(t)v)do + (f(t),v)] (34)
forallv e V.

The elements ¢(t) € V are uniquelly defined as the Riesz representants of
the right-hand side in the relation (34) which is for every ¢ € [0,7] the
linear continuous functional over V. Moreover we have the regularity

q € WH2(0,T;V) (35)

due to the assumptions (9)-(11).
After inserting the values ¥(¢), t € [0,T] from (33) into (18) and using
the relations (24), (34) we arrive at

The canonical Volterra integral equation

w(t) + g*xw —aB(F(t),w(t)) +
aB(Bo(w,w)(t) + g * Bo(w, w)(t),w(t)) = q(t) €V, (36)
_D'(t) _ E'(t) _ hE0)

M =D0) ~ o) T 2D0)

It can be readily seen that a function w is a solution of the canonical
equation (36) if and only if a pair {w, Bo(w,w)} : [0,T] — V x HZ(Q) is a
solution of the identities (18), (19) and hence a pair {w, F'+ Bo(w,w)} is a
weak solution of the original problem (1)-(6).

3 Approximation by the Rothe Method

We shall verify the existence of a solution of the canonical integro-differential
equation (36) using its discretization with respect to the time variable ¢.
Before formulating the discrete scheme let us set some additional growth
assumptions on the kernel function g and the bounds on the function F'. We
assume the exponential behaviour of the continuous kernel function g:

0<—g(t)<Ke P t>0,0<K<g. (37)

corresponding to the most of viscoelastic materials (see [3] for example).
Further we assume that

(B(F(t),v),v)) <0 forallveV, tel0,T). (38)



Comparing with (14), (24) we can see that the condition

/Q [Fon(t)(v1)? — 2F 10(t)v1v2 + F11(H)(v)2dz >0 (39)
for all t € [0,T] and v € V

is sufficient for fulfilling (38).
For a fixed integer N we set

T:%, ti:iT, wz:w(tz), ’L:(]’l”N’

6wj = %(wj - wj,l), j = 1, ...,N.

We convert the nonlinear Volterra integral equation (36) into the finite
sequence of nonlinear stationary equations in the Hilbert space V' similar
to the canonical von Karmén equations for the elastic plate. We shall use
the Rothe method in a similar way as by Kacur [7] or Slodicka [11] in the
case of parabolic integro-differential equations. Substituting the values w;
instead of w(t;), ¢ = 0,1,..., N and the integrals by finite sums we arrive at
the equations

wo — aB(Fy, wp) + aB(By(wo, wp), wo) = qo, (40)
i—1
w; — aB(F,w;) + 1 Zgi,jwj +
=0

i—1
aB (Bg(wi,wi) + TZgijBo(wj,wi)) = qi, (41)
=0
i=1,..,N. : (42)
The equations (40), (41) are the Euler equations for the functionals
Jo(v) = %[HUHQ — a((B(Fo,v),v))] + %HBO(%U)H%

Tiw) = el — a((B(E: ), 0)] + S Bo(w,w) 3 +

i—1 i—1
( TZQij“’ja”)) +% ((ngijBo(wj,wj),Bo(%U) ))
j=0 j=0 0

—((g;,v)), veV,i=1,..,n.



The functionals J;, ¢ = 0,1,..., N are weakly lower semicontinuous and
coercive over V. The coerciveness

lim J;(v) = 400

[[v]l =00

can be seen directly. The weakly lower semicontinuity is the consequence of
the inequality (31) and the compact imbedding V C W14(Q) which imply

v, — v in V. = By(vn,vn) — Bo(v,v) in HZ(Q). (43)
Then there exist elements w; € V fulfilling the minimum condition
Ji(w;) = géi‘r/lji(v), 1=0,1,...,N
and solving the discrete canonical equations (40), (41).
We proceed with a priori estimates. In order to achieve the best possible

uniform estimates we multiply the discrete canonical equations (41) with
the exponential functions with positive exponents. Let

v>0, B—7>K (44)

We set i = j in (41), multiply it with 7¢7™/w; in V and add for j = 0,1, ..., 1.
After denoting
wj = [[wjl* + al| Bo(w;, w)) |13 (45)

we obtain subsequently the inequalities

i J—1
+a w2 ( (Z 9j—kBo(wk, wi), Bo(wj, wj)) )
k=0 0

7
+> 717 ((gq5,wy)),
=0

(A
Z TeTw; <
3=0

3 7 Jj—1 j—1
. .
1_€§:eWT[HE:grkwmp—%aHz:gpdeme%Wé

j=1 k=0 k=0

+

i

7' .

—_— T gil1?, 0 < e < 1.

6(1—6)26 HqJH ) €
7=0

10



Applying the assumption (37) and the convexity of the function ||.||> we
obtain the estimates

Z T w; < (46)

7

> lg;”

-3 (v—28) Bk Bk
Z o ]Tl;]e TZ@ Twy, + (1 J

j=0
K2 i e (BT _ o—(28—7)jT I=L
_ -3 Bk,
Z T Ze
1%

We continue with the estimate of the double sum in the last inequality. We
have

S (BT _ =8 Z BT < Z Z BT o (Y=B)j

j:l j=1k=0

_Zeﬁkf Z =BT,

j=k+1

i—1 i—
(- V)Tzevk 1 — e(y=B)(i—k)T
]_—e’Y B)T

i1 . 1 1 i1 .
< TRT < VRT
- kz_%)e e(B—T — 1wk —(B=)T kz_%)e k-

Comparing with (46) we obtain the inequality

%
D reVTw; < (47)

112

K? - YiT
—aap— 2™t

Setting



we obtain
K2

(1=e)B(B—-)

The inequality (47) then implies the following summation estimate:

=1—e

> e Twi = 3 17 [|lwj||* + el Bo(wj, wy)][5]
=0 =0
i .
< C1(B,7, K) 7'eWT||qu2 for every 7 > 0, (48)
=0

_ BB
B K) = 5 s

Remark 3.1 It was possible to use simpler approach in the obtaining the
summation estimate. We could apply the discrete Gronwall lemma, but with
significantly larger constant Cv, containing the length T of the time interval

in (48).

We continue with uniform a priori estimates. The equations (41), (45)
imply the identity

= al(B(Fswy),wi)) - ((;0 gz--jwj,wz))
—Q <<T Zil gi_jBo(wj,wj), Bo(wz‘, wz))) + (<Qi7wi))
Jj=0 0

and employing the property (38) the inequality

2 2
i—1 i—1

w; < 272 > gicjws|| +a > gimjBo(wy,w;) +2/gi 1. (49)
=0 =0 0

Again using the convexity of |.||? and the properties of exponential func-
tions we arrive at the inequality

2 2
i1 i1
Vi Z gi_jwj|| = Z gi,jew(z_])Tﬂ(e””Tﬂwj)
7=0 3=0
i_l . . Z_l . . .
< Y (=gimg I Y (= gim g IR | (50)
=0 =0

12



< KQZe (B—~/2)(i—j)T Ze B=/D )T 37 || |2
7=0 J=0
21_6(ﬁ v/2)ir ]

vIT 2 < YT 2
S K 6(6 7/2 ZC ”w]H /6 7/2 Ze H'LU ||

In the same way we obtain

) i—1 2 K2 i—1 ]
| S iy Bolws, wy)|| € = ST Bo(wy, wy)lf. (51)
j=0 (6 - ’7/ )T j=0

Combining (45), (49), (50), (51) we obtain the inequality

w; < 25— TZwJe VDT 4 9|2

and applying the estimate (48) we obtain
Jlwi +a||Bo(wi7wz')H% < (52)

Co(8,7, K ZT&” DGl + 2llgil) i =1, ...,

where
4K?

208 —
Using the boundedness of the function ¢ in the space C([0,7],V) we arrive
at the estimate

Co(B,7,K) = 701<ﬁ,%K>~

lwil® + el Bo(ws, wi)[§ < C3(8,7, K) max, lg@®[*, i =1,2,...n (53)

with ,
C3(8,7, K) = ;Cz(ﬁ,fy,f() +2.

In order to achieve the convergence of the scheme we need the summation
estimates of the differences dw;.

After setting i = j, ¢ = j — 1 in (41) and substracting we have the
identities

dwy + grwo + a5B(Bo(w1, w1) — Fl,wl) + aB(ng()(w(),wo)7w1) =q,

13



j—1
(5?1}]‘ + aéB(Bo(wj, wj) — Fj,wj) +gjwo+ T Z gj,kéwk +

k=1
j—1
TaB(gjBo(wo, wo)+ Z 9j—k0Bo(wg, wy), w;) = 0q;, j=2,...,1.
k=1

After multiplying the last identities in the space V' with Tow;, j =1,...,4
and adding we arrive at
i

Ty |l6wi|l* — Y ((B(Fj,wj) = B(Fj_1,wj-1) , 6w;))
j=1

J=1

(2

+« Z((B(Bo(wj,wj),wj) - B(Bo(wj_l,w]‘_l),wj_1> , 6wj))
j=1

+7 Y (( gjwo + ag;B(Bo(wo, wo), w;), dw;) )) (54)
j=1

i og—1
+723 (O gj—rbwi, + aB(gj—x6 Bo(wi, wi), w;) , dw;))
j=2 k=1
i
= TZ((éqj,éwj)).
j=1
Let us set
We = Wj—1 +§(wj — wj_l), EER
for a fixed j € 1,...,i. We have then the relation

((B(Bo(wj, wj), wj) = B(Bo(wj—1, wj-1), wj-1) , dw;)) =
1
| 21 Bo(Guy, wlF + ( Bo(we. we), Bo(duy. dw;) alds. (55)

Using the assumption (38) and the relation (55) we obtain from (54) for
an arbitrary e € (0, %) the inequality

% 7
(1= 5e)m ) lldws|* < aIIBoHQ],elﬁl)aXi} llwjl|* 7 l|dw; ]

Jj=1 J=1

1 7
—a||B 112 SF;||? 56
+4€0z|\ IIjer{%f?ii}ngll T];H il (56)

14



1 )
-7 297 lwo + aB(B(wo, wo), w))* + [19g;1”]
j=1

i
+i (1+2]B[[[|Boll max !wa o3 Z gj—kOw|*.
0,....¢ j=2 k=1
Let us assume that
|| Bol|?[|lwj||? €1 —6¢ for j=1,...,i. (57)
Comparing with the a priori estimates (53), we can see that the condition
max o) < [allBolCa(87. K)] (59)

is sufficient for fulfilling the estimate (57) with some constant € € (0, 1).
After evaluating of the constants C1(3,v, K) , Ca(8,7, K) , C3(3,7, K)
in the previous a priori estimates we obtain the condition (58) in a form
max la@I* < Ca(8,7, K), (59)

2K (B2 — By)/? o

1
1+
2a| Bo? [ (267 =)V B = By - K)zl
Applying the assumption (57), the a priori estimate (53), the properties of
the function ¢ and the differentiability assumption ¢ € W2(0,T;V) we
obtain the inequality

04(5777 K) -

i i j—1
Ty ||(5’LU]'H2 <Cs+ 067—2 >y ”(511%“2, t=1,...N. (60)
j=1 j=1k=1
The discrete Gronwall lemma then implies the a priori estimate
’ T
Swj|? <Cq i=1,..,N, 7=~ 61
TZH ’U}]H >0r 1 ey 4V, T N ( )

j=1
with a constant C7 = C7(T).

In order to perform the convergence analysis we introduce the increasing
sequence {N,}, lim N, = co. We set
n—oo

T
Tn = 3 t = itp, ul =u(t), i=0,1,...,Np, u:[0,T] — X,
n
X — any normed space ,

1
n n n
wy = wo, w; = wj, owy = —(wj

n .
4 — wj_l) 1 = 1’ ...,Nn,

15



where w; € V is a solution of the equation (41) with 7 = 7,, F; =
F, 9i-j =9, ¢ =4

Let us further define the following segmentline and step functions deter-
mined by values w}, dw} :

0, 7] =V, wy(t) =wl | + (t —t)ow), ti* ; <t <t
Wy, 1 [0,T] =V, wy,(0) = wo, w,(t) =wy', ti; <t <t}
0,7] =V, w,(0) =0, wy,(t) =wlq, ti' 4 <t <t

i=1,..,N(n).

The a priori estimates (53), (61) imply that the sequence of functions
{wy} defined by their discrete values is bounded in the space W2(0,T; V) :

|wnllwrzrv) < Css n € N. (62)

Then there exists its subsequence (again denoted by {w,}) and a function
w € WH2(0,T; V) such that
Wy — W in Wh20,1;V),
wp(t) = w(t), w,(t) = w(t) in V for every t € [0, 7],
wy, =" w, W, =% win L*(0,T;V),

wy, — w, W, — w in LP(0,T; WH(Q)), p>1, r> 1.

Let us introduce the discrete values of the Airy stress function ¥ by

i—1

! = —aD(0)[Bo(w)’, w}) + 7Y gl Bo(w],w})l,  (67)
§=0

i = 1, 7N(n), n = 1727

The corresponding sequence ¥,, of step functions is due to the inequality
(51) and the estimates (48), (52). bounded in the space L>(0,T;HZ(Q)) :

||\II7LHL°C(0,T;HS(Q)) § 09, n = 1,2, (68)

Then there exists a subsequence (again denoted by ¥,,) and a function
U € L*(0,T; H3(2)) such that

T, —=* U in L0, T; HZ(Q)). (69)
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We shall verify that a function ¥ is determined by the expression
¥ = —aD(0)[By(w,w) + g * Bo(w, w)]. (70)

Let us set
By(w,w) = U, By(wy,w,) =U,, n=1,2,..

We can express the functions ¥, in a following way:

U, (t) = —aD(0) {Un(t) + /Otg(t - s)ffn(s)ds] + (71)

aD(0) [ [ ot 9Tus+ [ (ot —5) — gte7 - s>>ﬁn<s>ds] 7
" <t<t’ i=1,..,N(n).

Applying the property (31), the convergence (66) and the boundedness
of {w,} {w,} in L*(0,T;V) and hence also in L>(0, T; W4(2)) we obtain
the convergence

U, — U in LP(0,T; H3 (%)), (72)

U, — U in LP(0,T; H3 () Vp > 1. (73)
The operator G : LP(0,T; H3(Q2)) — LP(0,T; H3(Q)) defined by
t
(Gu)) = [ 9lt — S)u(s)ds, we L0, T3 HY():
0
is linear and continuous and the convergence

GU, — GU in LP(0,T; H3(2)) (74)

follows.

The function defined by the sum of the second and the third integral in
(71) converges strongly to 0 in LP(0,T; H3(£2)) as a consequence of previous
a priori estimates and properties of the function g. Then we obtain using
(72), (74) the relations (69), (70). Moreover we have the strong convergence

W, — U in LP(0,T; H3(Q)), p > 1. (75)

The equations (41) for i = 1, ..., N(n) can be expressed in a form

Wy (t) — B(Fy + Wy, wy)(t) + Gon(t) + (76)

1
D(0)

[ ot = symntsids + [ (ott = 5) — gtt7 ~ )wa(s)ds = a0,

o, <t<t" i=1,.,N(n).
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Applying the convergence (66), (75), the continuity of the functions F :
[0,T] — H%*), q : [0,T] — V and the relation (70) we obtain in the
same way as above that the function w fulfils the canonical equation (36).
If the regularity assumptions used above are fulfilled then the pair {w, ®},
® = U + F is a weak solution of the boundary value problem (1)-(6). We
involve this result in the following theorem.

Theorem 3.2 Let f € WH2(0,T;V*), m; € WY2(0,T; LP(T;)), i = 2,3,
ts € WH2(0,T; LP(T'3)) be such that the function q : [0,T] — V defined by
(35) fulfils the estimate (59). Let the function F : [0,T] — H?() defined
in (12), (13) fulfil the condition (39) and the positive relaxation function
E € CY(R™) fulfil the growth condition

0<—E'(t)<KEW0)e P, t>0,0<K<3—7, v>0. (77)

Let {w,,¥,} be a sequence of step functions achieved from the discrete
values defined by the system (40), (41) and the relation (67). Then there ex-
ists its subsequence (again denoted by {wy,, V,,} which fulfils the convergence

(63)-(66), (69), (75) and a couple
{w,®} = {w, ¥+ F} ¢ WH2(0,T; V) x C([0,T]; H*(Q))

is a weak solution of the von Kdrmdn system (1)- (6).
If moreover

(8- K)*
al|Bo[l*8(8 + K)

la@®)|? < for all t € [0, 77, (78)

then there exists a unique weak solution of (1)-(6) and the whole sequence
{wy,, U} is convergent.

Proof. The growth condition (77) implies the condition (37). Our previous
results then verify the existence of a solution {w,®} = {w, ¥ + F} €
Wh2(0,T; V) x C([0,T); H*(2)) , where the couple {w, ¥} is a limit of a
subsequence from the sequence of step functions mentioned in the assertion
of the theorem.

Let the assumption (78) hold. We shall verify the uniqueness of a solution
which implies that the convergence (63)-(66), (69), (75) holds for the whole
sequence {wp, ¥, }.
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Let {u;, ®;}, i = 1,2 are two weak solution of the system (1)- (6). Every
function wu;, ¢ =1, 2 the fulfils the canonical equation

ui(t) — aB(F(t),ui(t)) + (g * wi)(t) (79)
+aB[Bo(us, u;)(t) + (g * Bo(ui, u))(t), ui(t)] = q(t), t € [0,T].

The difference u = uy — w1 then fulfils the equation

u(t) — aB(F(t),u(t)) 4 (g * u)(t)
+aB (Bo(UQ,UQ)( ) (g * BO(U2 u2))(t) u2(t))

_.|_
—aB (Bo(u1, u1)(t) + (g * Bo(u1,u1))(t), ui(t)) = 0.

Let ug = ug + &(u2 —u1), £ € R . There hold the relations

(( B(Bo(ug, ug), u2)(t) = B(Bo(u1, u1),u1)(t), u(t) ) = (80)

[ B0, me O + (B, ne) (), B4, w(t) Yol

(( B(g * Bo(ug, u2))(t),u2(t)) = B(g * Bo(u1,u1))(t), u1)(t)), u(t) )) =

2 [ (o * Bo(w ) 1), B ) 6) Dode (31)
+ [ o= Boluesue)) (0, Bo(w )(e) ods.

Using the assumption (39) and the relations (80), (81) we obtain the
inequality

Jull+ ([ 9t = s)u(s)as, u(t) )

v [ IBo(u(), ue (I + ( Bolue,ue) (1) Bolutt) u(h) Yol
1 t

+o [RAC[ a(t = 9)Bo(u ug) (s)ds. Bofuw. ) (1) o
([ (e = 5)Bo(ue ue)(5)ds, Bo(u,w)(9) o 1 < 0

After applying the growth assumption (37) we arrive at the inequality with
an arbitrary € > 0 :
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(1= e + 20 [ 1Bo(utt), uele)de) < (52)

K
Ball2(1 4+ & 2 2
o Bol (L -+ ) max{ mae [ (1) mas. [us(1)|°) +

t 1
C’(e)/o [||u(s)H2—|—2a/D |Bo(u(s), ue(s))|2dé]ds for all ¢ € [0,T]

The inequality (82) holds for an arbitrary € > 0 . If the solutions wj, ug
fulfil the estimate

K
i ()1 < ]| Bol|*(1 + ﬁ)]fl forallt € [0,T], i=1, 2,  (83)
then there exists such € > 0 that there holds the inequality

(@I + 20 [ 1Bo(u(t) uele)|de) <
¢

€

t 1
[ I +2a [ 1 Boluts), uels))|Paglds for all ¢ € [0,7]
0 0

and the uniqueness of a solution follows after applying the Gronwall lemma.
We shall verify that the bound (78) of the right-hand side ¢ implies the
estimate (83).
Using the estimate (51) we obtain from the identity (79) the inequality

[uil|* + o Bo(us, wi)||* +
((g*ui(t),ui(t) ) + a(( g* Bo(ui,u;)(t), Bo(ui, ui)(t) ))
< ((q(®),uilt) ) for all £ € [0, T.

After applying the growth condition (37) we obtain in a standard way the
estimate

K

B <(1-—)"" t 84

o flus(®)l] < (1= )" max [la(®)] (84)

and the bound (78) then really implies the estimate (83) which verrifies the

uniqueness of a solution w of the canonical Volterra integral equation (36).

The expression (33) is equivalent with the identity (19) and the uniqueness
of a weak solution {w,®} = {w, ¥ + F} follows.
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Remark 3.3 If we compare the estimates (59) and (78) we can see that in
the case of constants B, K fulfilling the relation

B 5+VIT
K~ 2
the condition (59) implies the condition (78) and the whole sequence
{Wn, ¥, + F'} is convergent to a unique weak solution {w,®} of the problem
(1)-(6).
In the case of an arbitrary B > K there exists a constant vy € (0,5 — K)

such that for arbitrary v € (0,70) the condition (59) implies the uniqueness
condition (78).
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